Abstract. Recently, Feng and Xiang [10] found a new construction of skew Hadamard difference sets in elementary abelian groups. In this paper, we introduce a new invariant for equivalence of skew Hadamard difference sets, namely triple intersection numbers modulo a prime, and discuss inequivalence between Feng-Xiang skew Hadamard difference sets and the Paley difference sets. As a consequence, we show that their construction produces infinitely many skew Hadamard difference sets inequivalent to the Paley difference sets.
are determined from only the parameters of D [1, Chapter VI, Theorem 8.22 ]. On the other hand, some invariants (e.g., triple intersection numbers) are difficult to compute without computer.
A classical method for constructing difference sets in the additive groups of finite fields is to use cyclotomic classes of finite fields. Let p be a prime, f a positive integer, and let q = p f . Let k > 1 be an integer such that N|(q − 1), and γ be a primitive element of F q . Then the cosets C (N,q) i = γ i γ N , 0 ≤ i ≤ N − 1, are called the cyclotomic classes of order N of F q .
In this paper, we are particularly interested in the following construction of skew Hadamard difference sets given by Feng and Xiang [10] . , where q = p f s . Then, D is a skew Hadamard difference set.
We call the difference set in Theorem 1 as the Feng-Xiang skew Hadamard difference set with index set I. Let t be an odd integer and γ be a primitive element of F q t . Put ω = γ (q t −1)/(q−1) . If D = i∈I C (N,q) i = i∈I ω i ω N is a Feng-Xiang skew Hadamard difference set, then so does
= i∈I γ i γ N . We call D ′ the lift of D to F q t . Furthermore, throughout this paper, we denote the set i∈I ω ti ω N by D (t) . It is clear that D (t) is also a Feng-Xiang skew Hadamard difference set if gcd (t, N) = 1.
In this paper, we introduce a new invariant for equivalence of skew Hadamard difference sets, namely triple intersection numbers modulo a prime, and show that infinitely many Feng-Xiang skew Hadamard difference sets are inequivalent to the Paley difference sets by using "recursive" techniques. Besides the existence of infinitely many skew Hadamard difference sets inequivalent to the Paley difference sets, our technique may contribute to inequivalence problems on combinatorial objects defined in finite fields not only on skew Hadamard difference sets. This paper is organized as follows. In Section 2, we introduce some preliminaries on characters of finite fields, and present a proposition on divisibility of a character sum over a finite field by its characteristic. In Section 3, we introduce the concept of "triple intersection numbers modulo a prime" and we give two sufficient conditions for lifts of Feng-Xiang skew Hadamard difference sets being inequivalent to the Paley difference sets. As an example, we show that there are infinitely many integers t such that the lifts of a Feng-Xiang skew Hadamard difference set in F 11 3 to F 11 3t are inequivalent to the Paley difference sets. In Section 4, we conclude this paper with further examples of skew Hadamard difference sets inequivalent to the Paley difference sets, and some open problems.
Preliminaries on characters
Let p be a prime, f a positive integer, and q = p f . The canonical additive character ψ of F q is defined by ψ :
) and Tr q/p is the trace from F q to F p . For a multiplicative character χ N of order N of F q , we define the Gauss sum
which belongs to the ring Z[ζ pN ] of integers in the cyclotomic field Q(ζ pN ). Let σ a,b be the automorphism of Q(ζ pN ) determined by
for gcd (a, N) = gcd (b, p) = 1. Below are several basic properties of Gauss sums [4] :
In general, the explicit evaluation of Gauss sums is a very difficult problem. There are only a few cases where the Gauss sums have been evaluated. The most well known case is quadratic case, i.e., the case where N = 2. In this case, it holds that
cf. [4, Theorem 11.5.4] . The next simple case is the so-called semi-primitive case (also referred to as uniform cyclotomy or pure Gauss sum), where there exists an integer j such that p j ≡ −1 (mod N), where N is the order of the multiplicative character involved. The explicit evaluation of Gauss sums in this case is given in [4] . The next interesting case is the index 2 case, where the subgroup p generated by p ∈ (Z/NZ) * is of index 2 in (Z/NZ) * and −1 ∈ p . A complete solution to the problem of evaluating index 2 Gauss sums was recently given in [17] . The following is the result on evaluation of index 2 Gauss sums, which was used to prove Theorem 1. 
2 p, h is the class number of Q( √ −p 1 ), and b and c are integers determined by
The following theorem, called the Davenport-Hasse lifting formula, is useful for evaluating Gauss sums.
Theorem 3. ([12, Theorem 5.14]) Let χ be a nontrivial multiplicative character of F q = F p f and let χ ′ be the lifted character of χ to the extension field
In relation to Gauss sums, we need to define the Jacobi sums. Let χ and χ ′ be multiplicative characters of F q . We define the sum
the so-called Jacobi sum of F q . It is known [12, Theorem 5.21 ] that if χ, χ ′ , and χχ ′ are nontrivial, it holds that
We will use this formula later.
Now we are interested in computing the following character sum modulo the characteristic p:
where χ is a multiplicative character of F p f . The following theorem is well known as the Weil theorem on multiplicative character sums. 
where χ ′ is the lift of χ to F q t . In particular, it holds that
With the notations above, we set d = 3. By Warning's formula [12, Theorem 1.76], w t 1 + w t 2 can be expressed as follows:
where each coefficient of (w 1 + w 2 ) t−2j (w 1 w 2 ) j takes an integral value. We assume that f (x) can be decomposed as f (x) = (x − a)
for distinct a, b, c ∈ F q and i 1 , i 2 , i 3 ≡ 0 (mod N). As found in the proof of Theorem 5.39 (also Eqs. (5.19) and (5.23)) in [12] , we have
where Φ 2 is the set of all monic polynomials of degree 2 over F q and λ is defined by
Note that if t is an odd prime, by Eq. (2.5) we obviously have
We will use the following proposition in the next section.
Proposition 5. Let χ be a multiplicative character of F q of order N > 1 and
Then, for any odd integer t it holds that
where χ ′ is the lift of χ to F q t .
Proof: By Eq. (2.3) of Theorem 4 and Eq. (2.5), it is enough to show that w 1 w 2 ≡ 0 (mod p). By Eq. (2.6), we need to compute the sum g∈Φ 2 λ(g). By the definition of λ, we have
It is clear that
Next, we compute the sum (2.7a). By the definition of Jacobi sums, we have
for i 2 and i 3 such that χ i 2 i 3 is nontrivial, we finally obtain
Then the proof is complete.
Remark 6. Let q and N be defined as in Theorem 1. Assume that i 1 , i 2 , and i 3 are odd and χ
is nontrivial. Note that χ i 1 i 2 i 3 is nontrivial since i 1 , i 2 , and i 3 are odd. Then, by Eq. (2.2), we have
.
By Theorems 2 and 3, we have
i.e., the condition of Proposition 5 is satisfied.
Triple intersection numbers modulo a prime
Let D ⊆ F q be a skew Hadamard difference set and ω a primitive element of
is an invariant for equivalence of skew Hadamard difference sets. In fact, if D ′ is a skew Hadamard difference set equivalent to D, namely σ(D) = D ′ + x for σ ∈ Aut(F q , +) and x ∈ F q , we have
In this section, we compute the size of the set {T ω ℓ ,a (D) (mod t) | 0 ≤ ℓ ≤ N − 1} for a prime t. It is clear that this set is also an invariant for equivalence of skew Hadamard difference sets. Hence, if the set above contains at least three numbers, then D is inequivalent to the Paley difference set. Let χ N be the multiplicative character of order N of F q such that χ N (ω) = ζ N and let η p be the quadratic character of
is given by
we have
Write M = N/2. By noting that h∈I ζ 2h N = 0, the above is expanded as follows:
where A = {2j + 1 | 0 ≤ j ≤ (q − 3)/2}. Then, by x∈F * q χ N (x) = 0 and
the above is also reformulated as
Recall that D is a skew Hadamard difference set, i.e.,
for all x ∈ F * q . Then, by η p (−1) = −1, the sum (3.1) is reformulated as
Thus, we finally have 
, where ω and γ are primitive elements of F q and F q t , respectively.
Proof: Without loss of generality, we can assume that ω = γ (q t −1)/(q−1) . Let χ N be a multiplicative character of order N of F q such that χ N (ω) = ζ N and χ ′ N be the lift of χ N to F q t . Define
Then, by Eq. (3.2), we have
3) of Theorem 4, there are two complex numbers w 1 , w 2 such that
Since t is an odd prime satisfying gcd (t, p 1 ) = 1, we have
Therefore, we obtain
Hence, it holds that
By the assumption that the set {T ω ℓ ,a (
Then, by Eq. (3.3) , we also have
Let t be any odd prime satisfying t > v and gcd (t, p 1 ) = 1 and let D ′ be the lift of D to F q t . Then, we have
Hence, by Theorem 7, we have
(More roughly, one may take t so as t > a u − a 1 .) (ii) If two Feng-Xiang skew Hadamard difference sets D 1 and D 2 in F q satisfy
then by the proof of Theorem 7 their lifts D 
Thus, we obtain
This completes the proof of the corollary.
Corollary 9 implies that for any sufficiently large prime t the lift of a Feng-Xiang skew Hadamard difference set D in F q to F q t is inequivalent to the Paley difference set if
Example 10. Let p = 11, N = 2p 1 = 14, f = 3, and I = p ∪ −2 p ∪ {0} (mod N). Then, we have I(mod p 1 ) = Z/p 1 Z and the conditions of Theorem 1 are satisfied. Thus, D = i∈I C (N,p f ) i = i∈I ω i ω N is a Feng-Xiang skew Hadamard difference set, where ω is a primitive element of F p f . Now, we consider the triple intersection numbers T ω ℓ ,a (D (t −1 ) ), 0 ≤ ℓ ≤ N − 1, with a = 3. By Magma, the author checked that for any odd 1 ≤ t < N with gcd (t, p 1 ) = 1. This implies that D (t −1 ) is inequivalent to the Paley difference set.
It is clear that for any odd prime t with gcd (t, p 1 ) = 1 it holds that
Hence, by Theorem 7, the lift D ′ of D to F p f t for any odd prime t with gcd (p 1 , t) = 1 satisfies
where γ is a primitive element of F p f t . Thus, D ′ is also inequivalent to the Paley difference set. Furthermore, by applying Theorem 7 recursively, the lift D ′′ of D to F p f t h for any h ≥ 1 is also inequivalent to the Paley difference set. The extension degrees t h less that 50 covered by Theorem 7 in this case are listed below: 
3.2.
Triple intersection numbers modulo the characteristic p. The extension degree t in Theorem 7 is limited to a prime. The following theorem allows us to take t as an arbitrary odd integer.
Theorem 11. Let t be any odd positive integer and consider the p-adic expansion t = r h=0 x h p h with 0 ≤ x h ≤ p − 1. Write e(t) = r h=0 x h and then there is an odd integer t ′ such that t ′ = e(e(· · · e(t) · · · )) and 1 ≤ t
be a Feng-Xiang skew Hadamard difference set and let D ′ and D ′′ be its lifts to F q t and F q t ′ , respectively. If the set
, where β and γ are primitive elements of F q t ′ and F q t , respectively.
Proof: Let ω be a primitive element of F q . Without loss of generality, we can assume that ω = β (q t ′ −1)/(q−1) = γ (q t −1)/(q−1) . Let χ N be a multiplicative character of order N of F q such that χ N (ω) = ζ N and let χ ′ N and χ ′′ N be the lifts of χ N to F q t and F q t ′ , respectively. Define
− M(η p (a) + η p (−a + 1) + η p (a 2 − a))p .
By repeating this computation, we have 
